
STA260 Summer 2024 Tutorial 1 (7.2)

Relevant Review from STA256

Taylor Series and Gamma Properties:

∞∑
k=j

ak =
aj

1− a
if |a| ≤ 1,

∞∑
k=0

xk

k!
= ex, Γ(α) =

∫ ∞

0

yα−1e−ydy,

Γ(α + 1) = αΓ(α), Γ

(
1

2

)
=

√
π, Γ(n) = (n− 1)! for n ∈ N
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Given that X is a continuous R.V:
∂FX(x)

∂x
= fX(x), FX(x) =

∫ x

−∞
fX(t)dt,

Expected Value:

E(X) =
∑
x

xpx(x) or
∫ ∞

−∞
xfx(x)dx, E(aX ± b) = aE(X)± b,

E(g(X)) =
∑
x

g(x)px(x) or
∫ ∞

−∞
g(x)fX(x)dx, E(X) = E(E(X|Y )),

Variance:

V ar(X) = E[(X − µ)2] = E(X2)− [E(X)]2, V (aX ± b) = a2V (X),

V ar(aX + bY ) = a2V ar(X) + b2V ar(Y ) + 2abCov(X, Y )

MGFs:
MX(t) = E(eXt), M

(k)
X (0) = E(Xk)

Some Relevant Relationships Between Distributions Assume Yi are identically inde-
pendently distributed (i.i.d), i = 1, 2, ..., n, and Yi ∼Normal(µ, σ2), then:

1. Y = 1
n

∑n
i=1 Yi 2. Z = Y−µ

σ/
√
n
∼ Normal(0, 1)

3.
∑n

i=1

(
Yi−µ
σ

)2 ∼ χ2
(n) 4. χ2

(n) = Gamma(n/2, 2)

5. Exp(β) = Gamma(α = 1, β)

6. (Normal(0, 1))2 = χ2
(1) = Gamma(1/2, 2)

1



Disclaimer: STA260 covers extensive material. Tutorials serve as additional aids, but they
cannot cover every question type.

Question 1 (7.20 from the textbook)

(a) If U has a χ2 distribution with v degrees of freedom, find E(U) and V(U).

(b) Using the results of Theorem 7.3, find E(S2) and V(S2) when Y1, Y2, ..., Yn is a
random sample from a normal distribution with mean µ and variance σ2. Note that
S is defined as:

S2 =

∑n
i=1(Yi − Ȳ )2

n− 1
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Question 2

Let Y1, Y2, ..., Yn be n independent observations, but they’re not necessarily identically
distributed. This means it’s possible some are from different distributions (normal,
exponential, etc.) However, they do conveniently all have the same mean µ and finite
variance σ2. The sample variance is defined as:

S2 =
1

n− 1

n∑
i=1

(Yi − Ȳ )2

(a) Prove E[S2] = σ2

(b) Suppose we learned that Y1, Y2, ..., Yn is identically distributed, and they are in fact
observations from a normal distribution. How convenient! Find the constant a such
that: P

(
3S2

σ2 ≥ a
)
= 0.9
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Question 3

Let Y1, Y2, Y3, Y4 be a random sample of size 4 from a normal population with mean
0 and variance 9. Let Ȳ = 1

4

∑n
i=1 Yi. Find the distribution of the following random

variables.

(a) Y 2
1

9

(b)
∑4

i=1
Y 2
i

9

(c)
∑4

i=1
(Yi−Ȳ )2

9
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Moment-
Generating

Distribution Probability Function Mean Variance Function

Uniform f (y) = 1

θ2 − θ1

; θ1 ≤ y ≤ θ2

θ1 + θ2

2

(θ2 − θ1)
2

12

etθ2 − etθ1

t (θ2 − θ1)

Normal f (y) = 1

σ
√

2π
exp

[
−
(

1

2σ 2

)
(y − µ)2

]
µ σ 2 + t2σ 2

2

)
−∞ < y < +∞

Exponential f (y) = 1

β
e−y/β ; β > 0 β β2 (1 − βt)−1

0 < y < ∞

Gamma f (y) =
[

1

�(α)βα

]
yα−1e−y/β ; αβ αβ2 (1 − βt)−α

0 < y < ∞

Chi-square f (y) = (y)(v/2)−1e−y/2

2v/2�(v/2)
; v 2v (1−2t)−v/2

y2 > 0

Beta f (y) =
[

�(α + β)

�(α)�(β)

]
yα−1(1 − y)β−1; α

α + β

αβ

(α + β)2(α + β + 1)
does not exist in

closed form
0 < y < 1

Continuous Distributions

exp  µt



Moment-
Generating

Distribution Probability Function Mean Variance Function

Binomial p(y) =
(

n
y

)
py(1 − p)n−y ; np np(1 − p) [pet + (1 − p)]n

y = 0, 1, . . . , n

Geometric p(y) = p(1 − p)y−1;
1

p

1 − p

p2

pet

1 − (1 − p)et

y = 1, 2, . . .

Hypergeometric p(y) =
(

r
y

) (
N−r
n−y

)
(

N
n

) ;
nr

N
n
( r

N

)( N − r

N

)(
N − n

N − 1

)
y = 0, 1, . . . , n if n ≤ r ,
y = 0, 1, . . . , r if n > r

Poisson p(y) = λye−λ

y!
; λ λ exp[λ(et − 1)]

y = 0, 1, 2, . . .

Negative binomial p(y) =
(

y−1
r−1

)
pr (1 − p)y−r ;

r

p

r(1 − p)

p2

[
pet

1 − (1 − p)et

]r

y = r, r + 1, . . .

Discrete Distributions


